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Abstract. We introduce certain Backlund transformations for rational solu- 
tions of the Painleve VI equation. These transformations act on a family of 
Painleve VI tau functions. They are obtained from reducing the Hirota bilinear 
equations that describe the relation between certain points in the 3 compo- 
nent polynomial KP Grassmannian. In this way we obtain transformations 
that act on the root lattice of A 5 . We also show that this A 5 root lattice can 
be related to the root lattice. We thus obtain Backlund transformations 
that relate Painleve VI tau functions, parametrized by the elements of this 
root lattice. 
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1 Introduction 

In [TJ, which was a generalization of (2]( see also [8]), we showed that there is a 
connection between certain homogeneous solutions of the 3-component KP hierarchy 
and certain rational solutions (cf. [9]) of the Painleve VI equation: 
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In this publication we focus on the Backlund transformations for the solutions of 
[TJ. See also [7] for connections of g/3 KP hierarchy to Painleve VI. Instead of 
obtaining Backlund transformations for the Painleve VI equation, we obtain such 
transformations for the so-called Jimbo-Miwa-Okamoto cr-form of the Painleve VI 
equation [I]: 
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where 



vi + v 2 = a/-2/3, vi — v 2 — a/^T, ^3 + V4, + 1 = Vl-25, v 3 - v 4 = V2a . (1.3) 
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This a is related via some choice of variables to the 3-component KP tau-function 
T by 

d lose T 

a(t) =t(t-l)— | at -b, 

for certain constants a, b. In this paper we show that there exists such a tau-function 
for certain elements in the root lattice of sIq. 

6 6 

Q(A 5 ) = {a = J2 <*& I E on = 0} , (1.4) 

i=l i=l 

where = 5^ and where we choose 

Vi = \-a 3+i (z = 1,2,3), Vi = . (1.5) 

The equations of the 3-component KP and modified 3-component KP produce 
Backlund transformations on the above tau-functions 

(1.6) 

for distinct i,j, k with 1 < j < 3 and 1 < i, k < 6. Here 
d 

dj = bj(t) — , and &i(t) = t(t - 1), b 2 {t) = t, b 3 (t) = -t 2 

and ni(a; i, k) is a certain constant, which is given in (13 .4p . From this we deduce the 
following Backlund equation for the Jimbo-Miwa-Okamoto cr-function for distinct 
i, j, k with 1 < j < 3 and 1 < i, k < 6: 

d (1-7) 
= G ijk (a; t) + t(t - 1)— log (aa(t) - <Ja+s -5 k (t) + H ijk (a; t)) . 

Here Gijk{a; t) and Hijk(a; t) are certain first order polynomials that can be deter- 
mined explicitly, see (I3.13p . 



2 The polynomial Grassmannian and the (modi- 
fied) 3-component KP-hierarchy 

The geometry behind the rational Painleve VI solutions of [T] is the infinite polyno- 
mial (3-component) Grassmannian. Let H = qA* | c« G C 3 , Q = for i << 0} 
and H + = {£\ c^A* | c« G C 3 , Q = for i < 0} . On H we have a natural bilinear 
form given by 

where (•, •) is the standard bilinear form on C 3 given by 

(w, v) = wiVi + w 2 v 2 + w 3 v 3 . (2.2) 
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The Grassmannian consists of linear subspaces W C H , that satisfy certain condi- 
tions. Here we will consider only very special linear subspaces W of H, viz. the 
ones that satisfy the following conditions: 

• There exist positive integers m and n such that X"H + C W C X~ m H + , 

• W satisfy the condition XW <ZW, 

• W has a basis of elements i>(A) that are homogeneous in A, i.e. X^j^- = dv(X) 
with d G Z. 

All this gives that such a W can be described as follows, see [T] for more details. 
Choose 3 linearly independent vectors in C 3 

4 = 1,2,3, 

and let 

w (i) = [ w fa> w fa> w h) 

be the dual basis with respect to the bilinear form (12. 2p . 
Let 

(j, = (/ii, // 2 , /i 3 ) = /xiej + yu 2 e 2 + ^3 G z3 > ( 2 - 3 ) 

where e- is a basis vector in Z 3 , so e- = (5j l5 <5j 2 , ^3)- Then such a W is equal to 
W(fi), where 



i>Hi j>^2 fc>A*3 

Let e a , a = 1, 2, 3, be the standard basis of C 3 , then 



max /ii — 1 max — 1 max /^^ — 1 3 

M/(^)= ^ CAV X >+ ^ CAV 2 ) + ^ CAV 3 > + ^ CA " e «- 

i=/xi i=M2 k=fi:j a=l m>max ^ 

Note that 

3 

w(Q) = ^ X] CAme - = F + • 

a=l m>0 

With respect to the bilinear form fl2.ll) on H we can find the maximal orthocomple- 
ment W x (fi). This space is given by 

w ± ( f j,) = J2 CA ^(i) + J2 CAJ ' w (2) + J2 cxkw (v ■ 

i>—fii j>— [i2 k>— n 3 

Note that 

max max -1 max-^-1 3 

i=—fjL\ j=t^2 k=fi3 a=l m>max— /if 



If we define the following ordering on Z 3 

H < A if \i{ < Xi for all z = 1, 2, 3 , 

then 

W(X) C Wfa) and W L (ix) C W X (A) iff p < X. 
Next, we associate to W^/U.) the following vector in a semi-infinite wedge space: 

\W{^)) =X^w^ A A^+V 1 ) A • • • A A 11 ™- V 1} A A^ {2) A A" 2+ V 2) A • • • 

• • • A A maxw-1 u> (2) A X^ 3 w {3) A A^ 3+ V 3) A • • • A A max ^ V 3) A 

A ma X ^ ei A A max We2 A \ max ^e 3 A A max ^ +1 ei A A max ^ +1 e 2 A • • • . 

(2.4) 

If we define the grading 

deg(\W(0))) = and deg(X k w ij) ) = - - k , 

then 

deg(\W(tJ,))) = ±(nl + »l + »l) • (2-5) 

For any v G (C[A, A -1 ]) 3 we can define creation and annihilation operators, see e.g. 
[6] for more details. Let Vq A v% A v 2 A - • • be an element in the semi-infinite wedge 
space, then we define 

ip + {v)vQ A V\ A v 2 A • • • = v A Vq A V\ A A • • • 

and 

00 

i/>~(u)u A f 1 A w 2 A • • • = ^(-^OkH A • • • A A v i+1 A • • • . 

These elements form a Clifford algebra, they satisfy the ant i- commutation relations 

if) + {v)ip + (w) + ip + {y )vf) + (w) = , ip~{v )ip~(w) + tp~ {v)ip~ (w) = , 
tf) + {v)ip~ (w) + ip + (v)vf)~ (w) = (v\w) . 
Note that 

i{; + (v)\W([i)} = forueWQx), ^ _ (u)|W(/£)) = for v 6 ^(/x) . 

Let Vo = Vo A fi A v 2 A • • • and = A V-k+i A f-fc+2 A • • • for k > 0, then, since 

3 

^^^(A^V^A^, 

0=1 jez 



4 



we find that 

3 



o=l jez 

3 / 00 

= E E ^ A ^ ® EH^'^kH 



A • • • A A v l+l A 



a=l jeZ \i=0 
3 00 



: J2 E EH l ( A ~ i ~ le > i ) A ' ?ea A Vfc (g) A • • • A A Ui+i A 

a=l jeZ i=0 

00 

: ^2(~Yvi A 14 ® v A • • • A Ui-i A A • • ■ 

i=0 
00 



i=0 



Here v* is the dual vector of u$ with respect to the bilinear form (12. ip . So in particular 
for WfV) C W(fl) one has 

3 

^^^ + (A fc e a )|H/(//))®^(A- fc - 1 e a )|H/( i /)) =0 for^<z/. (2.6) 

a=l fceZ 

In a similar way we see that for i 7^ j: 

3 

^^^ + (A fc e a )|M/(^+e -e J ))®V"(A- fc - 1 e a )|M/^)) = djl^-e^^W^+eJ) . 

a=l fcgZ 

(2-7) 

Let S(z — X) = z 1 J^nez (f ) anc ^ introduce the fields 

- A)e a ) = ^ n e a )z- n - 1 . 

Then (12. 6 p is equivalent to 

3 

Res z J2^ + ( S ( z - X ) e aW(ii)}®ilJ-(5(z-\)e a )\W(v)} = for/^<z/. (2.8) 



a=l 



Using the boson-fermion correspondence we can express every such semi-infinite 
wedge \W(n)) as a function in F = C[q a , q' 1 , x\ a ^; a = 1, 2, 3, i = 1,2,3,...]. We 
identify |W(0)) with lei 7 ". Let a be the corresponding isomorphism, then 



OO r. 

a 2; 



^(^-AJea)^- 1 = g^^exp ( ±$> {a) / ) exp ( T ^-^£_ ) . (2.9) 
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Unfortunately the q a and for a ^ b anticommute, which means that we have to 
order them. We assume that 

a(\W(0))) = 1 and a(\WQi))) = £ r„(/x; x)« 2 <£ 3 . (2.10) 

qGZ 3 

It is straightforward to check that 

Ta(/£-,x)=0 for /ii + /J 2 + + Oil + «2 + «3 7^ (2-H) 

and using (12. 5 j) that 

a) := deg (r a (/^; x)) = ^ (/^ + + f4 - a{ - a% - a§) . (2.12) 

Having this in mind, it will be useful to introduce the following subset of Z 3 : 

= {a E Z 3 | /ii + /j 2 + fJ>3 + ai + a 2 + a 3 = 0} . 

Note that since the form of the vectors and \ W(fi — (e x + e 2 + e 3 ))) (12. 4 j) are 

similar, one finds that 

r a (/f; x) = (-l) a2 ^+( il+ E 2 +e 3 )(^ - (fi + e 2 + eg); x) . (2.13) 

We can use (12. 9 p and (I2.10p to rewrite (I2.8P as a generating series of Hirota 
bilinear equations. We forget the tensor symbol and write x' for its first component 
and x" for its second component. Define 

q- = qTQ?qT 

and let 

{1 for j = 1, 

(-rr forj = 2, 
(_ 1 )ai+a 2 f or j = 3, 



then (12.81) is equivalent to 

3 oo 

Res *E E ^ a ,«-^)^- & exp(^(x« -x[ a) 'V) 

o=l ae.Lp,peL K k=l 

ex P(" D^W " 7F) V )T ^ ; ^)(^)%fe x"){q^)") = 0, g < ^ 
k=i v x k vx k 

(2.14) 

and (12 .TP is equivalent to ( = ^(e^e-)): 

3 oo 

Res 2 (]T e(e^,a-P)z a ^eMY,( x k y " 4 a) V) 

a=laeL i , + £ r£i ,^£L i , fc=l 



oo 



(9 9 N 2; 



ex P(" E^T^y - )— + * - ^ *')(^)%(^ x")(^)") 

fc=l CTCfc 

(2.15) 
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Taking the coefficient of (g-)'(^)" in f l214j) for a e L^_ u and §_ G -C/iz+e we obtain: 

3 oo 

Res,(^ e^a - P)z a ^- 2 exp(]T( 



3 oo 



a=l fc=l 



oc 



d d , 2 



(2.16) 



exp(- E^^w ~ jw^nr)^^ ^^fe z") = 0, // < £ 

1 ^fc ^fc 



fe 

and in a similar way ( 12 . 1 5[) gives 



Res 2 (^ 5(e a , a - 0^~^~ 2 exp£j 

a=l fc=l 
oo 



^ g z -k (2.17) 

exp(-^(- w - -^77)-7T W + ^-^^W 

=e i jTa([J L - €j\ x')rg(/i + a/'). 

Now making the change of variables xf 1 = \{u~^ +uf^ ), = \{u^ —Un 1 ), one 
gets for (12.161 ) for fj, < v: 

3 



Res 2 (^ e(e jt a - f3)z a >-^- 2 



OO OO _L 

a 2 



x exp(J^ 2y^V) exp(- ^ (j) , )^a- % (^; a + y)^^ x - y)) = . 

k=l k=l VVk 

(2.18) 

Using elementary Schur functions we rewrite this again as 

3 X Q 

E e fej> a - /?) 5 fc (2|/ ( '' ) )^_i +Qj _^(-— ^y)r a _£.Qx; x + y)T^(u; x -y)) = 0. 

j=l fc=0 ^ 

(2 ' 19) 

Here and further we use the notation = l^>---)- Using Taylor's 

formula we can rewrite this once more: 

3 oo s 

i=i fc=o ^ (2.20) 

X e et r Ta-ej X + tjT^. (U] X - t) | t=0 = 0. 

This last equation can be written as the following generating series of Hirota bilinear 
equations: 

3 oo 

E ^ E 3k(2y (-2?W)e^=i r fl _^ (^)-r^ (v) = , 

3=1 k=0 

(2.21) 
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for all a G L^_^., f3 G L E+ ^. and H<v_, see [6] for more details. 

Now take \x = u, then for a G and 1 < i,j < 3 distinct indices z and j one 
finds the following equation: 

DfD^r^) ■ rjjj) = 2r» f£( _^(/£)r s+£ ._ £( (£) (2.22) 

and for each triple of distinct indices z, j, k: 

D l Ta(t±) ■ Ta+e t -e k Qf) = ^ijkTa+e^ {^a+e 3 -e k (//) • (2.23) 

If A* = K ~ i£> choose first a and /? such that a — (5 = e x + e 2 + e 3 , then we find 
the following Hirota-Miwa equation: 

Tp+e a + Sa (/f)r£ +ei (/f + e^) - r^ +ei+e3 (/i)r^ +e2 (// + e^) + r^ +ti+e2 {^t^ (fi + e e ) = 0. 

(2.24) 

Secondly choose a and /? such that a — /3 — 2^ + e^, with i and j distinct, then we 
find 

D x )r 2 (/f) ■ (/f + ^) = e ii r 7-^ + ^) 7 7+6 i -e j (/f) > ( 2 - 25 ) 

or equivalently 

D^Tyifi) ■ T 1+ ^ ((M-§ i ) = tj i T 1+ , ] -e l (^T-y+e. (/i - e £ ) . (2.26) 

In a similar way (I2.17P can be rewritten as the following generating series of 
Hirota bilinear equations (i ^ j): 

3 oo 

«-£)£ ^(2yW)5,_ 1+aa _, a (- J DW)eSL 1 ESU *™V^ + - £,.) ■ r, + 

a=l fc=0 

(2.27) 

for all a G L^^,, (3 G and < v_. Now taking a — (3 = e k + e e , with k ^ £, 

where k or £ may be equal to i or j, we find another version of the Hirota-Miwa 
equation (i ^ j, k ^ €): 

e t aTp +u (p+e i -e j )Tp + ^(!$+e£ k Tp + ^(^ = . 

(2.28) 

Next taking a — f3 = 2e k , where k may be equal to i or j, we find {i ^ j): 

D[ k) T x (fi) ■ T x (fj, + Cj - €j) = ejiT 1+Sk (/i - e^Ty-^ (/i + ej . (2.29) 

In the above construction the pair 

= (ai,«2, "3,^1, ^2,^3) = (oti,a 2 ,a 3 ,a J i,a 5 ,a fi ) 

can be seen as an element in the root lattice Q(A 5 ) of sIq (see fll.4p ). Note that the 
tau function corresponding to such a pair (a,jj,) is 0, whenever this pair is not in 
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Q(A 5 ), see (12. lip . A basis of this root lattice is given by the roots 5 t — 5 i+1 for 
1 < i < 5. Using the degree of the tau function given in (I2.12p . we define a similar 
grading on this root lattice by 

/ e \ e l 

R(a) = R I a«5j 1 = deg(^~] onS*) = ^ + a t + a l ~ a i ~ a i ~ a t) ■ (2.30) 
\i=i / i=i 

In this light the equations (12.231) . (12. 25ft . (I2.29f) can be rewritten to one equation. 
Let P be an element in the root lattice of sl$, then for for distinct i,j,k with 1 < j ' < 3 
and 1 < i, k < 6 one has: 

Di ] rp_ ■ Tp + s.-s k = UjkTp+St-SjTp+^-St , j = 1,2,3, i, k = 1, 2, . . . , 6 . (2.31) 

Finally we note that fl 2 . 1 3 [) can be rewritten to 

Tex = (-1)° 2 Ta+S 1+ S 2 +S 3 -S 4 -6 5 ~S 6 ■ (2.32) 



3 From KP to the Jimbo-Miwa-Okamoto <T-equation 

To obtain the Jimbo-Miwa-Okamoto cr-form (II. 2p of the Painleve VI equation from 
the 3-component KP, the following choice of new variables was used in [1] and a 
similar choice was made in [5]: 

(2) (1) 

+ X l X l t (2) (1) , Q ,x 

' — — h = x\' — x\ (3.1) 



(3) (1) 

1 1 



and 



d tit - 1) d d d t d d d t 2 d 

-Tin + ^> 7T7^ = -T^- ( 3 -2) 



fa® h dt dh' dxf ] hdt dh 1 dxf ] hdt 
Then for a G Q(A 5 ) with R(a) > 

drjt, h) 

— — — = R(a)Ta[t, h) , 

thus 

rJt,h) = h R ^TJ y t). 
Using this and equation ( 13. 2ft equation ( 12.221) turns into (cf [T3]). 

Rm _ (f _ 1} , (§) 2 + t% (§ + (t - = w 

« - 1) (§) 2 + r a ((i - 2t) f - 1(( - 1)^)) = W 



dT a \ 2 , _ / dT a f d 2 T a 



t I — t \ — — I + T Q ( —7— + t — I I — T^+ia-*3^a+i3-*a 



dt -\ dt dt 2 



(3.3) 



This gives 3 series of Toda equations that can be used to calculate neighboring 
tau-functions. Equation (I2.3ip turns into ( II. 6p . with 

ni(a; i, k) = — n 2 (a; i, k) = R(a + 5 { — 5 k ) — R(a), ns(a;i,k) = (3.4) 

and (T2T321 into 

Ta = (-1)" 2 Ta+Si+ds+Sz-SA-Sx-Ss • (3.5) 

Finally, we have the two Hirota-Miwa equations (I2.24[) and (12.28}) . that give: 

T P_+h+h T P+h+Se ~ T l+Si+$3 T P+Sa+8i; + ^l+k+^i+h+h = °> for ^ > 3 , and 

e ktTp+s e +5 i Tp + s k +s j + e ikTp+8 k +5Tp_ + s Jl+ s j + e j _ 3ji _ 3 T^ + s k+ sTp + s i+ s j = 0, for 

(3.6) 

1 < k, I < 3, 4 < i, j < 6 with i ^ j and k ^ £. All these equations give Backlund 
transformations for the tau functions of the Painleve VI equation. 

All the above type of equations in the case of the affine Lie algebra of type A n 
were obtained by Noumi and Yamada, see e.g. [TO] and [TTj . 

We want to rewrite (I1.6P and express it in the corresponding Jimbo-Miwa- 
Okamoto cr-functions. First, we introduce 

/*(*)=*(* (3-7) 
and take the log of the expression (II. 6p 
log(constant) + log(T a+ 5._^) + log(T„ + a_5 fc ) = 

= log (Ta+S t -S k dj{Ta) - TadjiTa+^-sJ + i, fyTaTu+s.-Sk) 

= Mt^sJ + iog(Tj + log ( ^Sk) _ igWlJ + n . (s; fc) 
^(t-i)|(Tj 1(7^^) . 1; 

+ log t(t- 1)^- ^^ + n i (a;z,fc) 

= log + log(T s+ , , ) + log(Tj+ 



t(t~l). 

t(t-l) 



+ log - i)^l - t( t - + ^ , k y_ 



(3.8) 

Now take t(t — 1)^ of this expression (13. 8p . we thus obtain: 

fa+Si-Sjit) + fa+S 3 -5 k {t) - fa+^-S^t) ~ faif) = 

d (3-9) 

= 9j (t) + t(t - 1)- log (fjt) - f* + 6 t -8_ k (t) + hj(t)) , 

10 



where 



{0 if j=l, \nj(a)i,k) if 

-t if j=2, h j (t) = ln j (a:,i,k)(t-l) if 
1 if j=3, [-n j (a]i,k)t=± = Q if 

Following [1] we introduce 

<?a = fait) + c 5 (a)(t - 1) - ^c 6 (a) , 

where 

cs(a) = _ «3) 2 , 

c 6 (a) = + -(ai - a 2 )(a 1 - a 3 ) , 

and thus we obtain (11. 7j) . where 
G iife (a; t) = (eg (a + £ - + c 5 (a + ^ - S k ) - c 5 (a + 5 i - S k ) - c 5 (a)) (1 - t) 

+ g M« - 4) + c e(« + £j ~ £*) - c e(a + 4 - §*) ~ Ce(s)) + , 

H ijk (a; t) = (c 5 (a) - c 5 (a + & - S k )( 1 - t) + - (c 6 (a) - c 6 (a + £ - 5J) + /ij(t) . 

(3.13) 

4 Other Backhand transformations 

Besides the Backlund transformations that come from the 3-component Grassman- 
nian structure, there are some other relevant transformations. A first observation 
that can be made is that the a equation (II. 2p has a natural D4 symmetry. One can 
permute all Vi together with an even number of sign changes. 

Secondly, one can choose an other identification ( II ,5p between the a's and d's 
see e.g. [Ij, section 2. 

Thirdly, one can permute the a^s for i = 1, 2, 3 and also separately the fii's. All 
these transformations rearrange the tau functions on the sIq root lattice. 

Finally, starting with the underlying 3-component KP model one can choose a 
different identification (13 .ip between the x± and t and h. For instance interchang- 
ing Xi and gives a transformation t t-t 1 — t, such a transformation leaves 
Painleve VI equation (II .ip invariant for y y 1 — y and appropriate transformations 
of coefficients, see e.g. Boalch [3] or [TSj. The permutation that interchanges x^ 
and Xi (respectively x± and xf 1 ^), gives a transformation t i-)- (resp. t h->- !■), 
such a transformation induces y >-)■ |5f (resp. y >->■ i), again see [3] or [T2] , where 

it is argued that addition of these transformations extend D± symmetry to 
symmetry. 



j=l, 
j=2, 
j=3. 

(3.10) 



(3.11) 



(3.12) 
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5 Root lattice of 

Okamoto showed in his fundamental paper [13] that there is a representation of the 
affine Weyl group of type F 4 that acts on the solutions of the Painleve VI equation. 
An element in this Weyl group is related to a birational canonical transformation. 
We will now show that the sl§ root lattice of the previous section is related to the 
root lattice of the affine Lie algebra of type F± on which this affine Weyl group 
acts. 
Let 

v = Oo, vi, v 2 , v 3 , Vi) = v e + v x e x + v 2§2 + v s&3 + v ±&a 
be a vector in a 5-dimensional vector space. We assume that 



1 

Viir, 

i=l 



If we make the following identification (see also (11. 5p ): 
v = ai, Vi = - Vim = \-a 3+i (i = 1, 2, 3), v A = - , (5.2) 

then the v\, v 2 , v 3 , correspond to the parameters of the Jimbo-Miwa-Okamoto 
cr-equation ( II. 2p . Moreover, one has the following correspondence, the element 
Si=i a ih * s e Q ua l to 

fa t + a 3 \ (ui + a 3 \ fa x + a 3 \ ( a x -a 3 
«ieo+ ?; V ol a e x + h a 5 e 2 + h a 6 e 3 + 



Note that e = 5_ x + S 2 + S 3 — S 4 — 5 5 — S 6 . In this way one gets all elements of the 
form (15. ip with v o G Z and all Vi G Z for i > or all Vi G | + Z for i > 0. This is 

the root lattice Q(F^) of the Lie algebra of type . In fact the simple roots of 
this affine Lie algebra are: 



^0 &1 


-e 2 


=S 1 + 35 2 + 5 3 — 28 4 — 


- 25 5 - 5, 




















^4 


= - ^ 2 - 2c>3 + 5 4 + &5 





^(Si - e 2 - e 3 - e 4 ) =5 2 + 5 3 - 5 5 - 5 e . 

The ±(5j — <L) with l<z<6,l<j<3 and i ^ j that appear in the sigma 
functions of equation (11.71) form up to possibly a translation with the vector e all 
short roots of F4, which are (e^ = ±1): 

£ke k , {k= 1,2,3,2), -(eie x + e 2 2e 2 + e 3 e3 + e 4 e 4 ) . 
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To be more precise they form the union of the sets iSj, wich are defined by 

Si ={e + e 4 , e + ~(e x + e 2 + eg + e 4 ), -e + -(e^ - e 2 - e 3 + e 4 ), 

!/ 1 

e + - e 2 + e 3 + 64), e + ~e x + e 2 - e 3 + 64)}, 

5*2 ={e + -(e x + e 2 + e 3 + e 4 ), + e 2 + eg - ej, ei, e 2 , e 3 }, (5.3) 
S3 ={e + e 4 , -(— e x — e 2 — eg + e 4 ), -(e^ — e 2 — e_ 3 + e 4 ), 
^(-e a + 63-63 + 64), -(-ej - e 2 + e 3 + e 4 )} . 
Then the following holds: 

Let f3 be an element in the root lattice of and asume 71,72 € Sj for fixed 
j = 1,2,3, suppose op and ap +J ^ are known, then using equation fli. 7| ) one can 
calculate op +1 ^ (resp. ap- y ), if one knows f/3-7 2 (resp. ap +ry ). 

Clearly a similar implication also holds for the corresponding tau functions Tp. 
Equation (13. 3p implies: 

Let (5 be an element in the root lattice of and asume 7 = e + §(e 1 + e 2 + e 3 + e4), 
|(e x + e 2 + e 3 — e 4 ) ore + e 4; suppose Tp andTp±~ j are known, using equation j{3.3\) 
one can calculate Tp T1 . 

Equation (I3.5P implies: 

Let /3 be an element in the root lattice of F^ then up to a sign Tp is equal to 

Tp+e 

Finally the Hirota-Miwa equation (13 .6p also gives a connection between six tau func- 
tions in the F^ root lattice. However it is not so easy to describe this explicitly in 
this F4 setting. 

References 

[1] H. Aratyn and J. van de Leur, Solutions of the Painleve VI equation from 
reduction of integrable hierarchy in a Grassmannian approach. Int. Math. Res. 
Not. IMRN 2008, Art. ID rnn 080, 41 pp. 

[2] H. Aratyn and J. van de Leur, The symplectic Kadomtsev-Petviashvili hierarchy 
and rational solutions of Painleve VI, Ann. Inst. Fourier 55 (6) (2005), 1871- 
1903 



13 



[3] P. Boalch, Six results on Painleve VI, in Theories asymptotiques et equations 
de Painleve - Angers, Eric Delabaere - Michle Loday-Richaud (Ed.) SMF, Sem- 
inaires et congres, vol 14, (2006) 1-20 [ jarXiv:math. AG /0503043] 

[4] M. Jimbo and T. Miwa, Monodromy preserving deformations of linear ordinary 
differential equations with rational coefficients II, Physica 2D, 407-448 (1981). 

[5] N. Joshi, A. V. Kitaev and P. A. Treharne, On the Linearization of the Painleve 
III- VI Equations and Reductions of the Three- Wave Resonant System. J. Math. 
Phys. 48, 103512 (2007) [arXiv:math.CA/0706.1750] 

[6] V. G. Kac and J. W. van de Leur, The n-component KP hierarchy and repre- 
sentation theory, Jour. Math. Phys. 44, 3245-3293 (2003). 

[7] S. Kakei and T. Kikuchi, The sixth Painleve equation as similarity reduction 
of gl 3 hierarchy Lett. Math. Phys. 79, 221-234 (2007), |arXiv:nlin.SI/0508021| 

[8] P. Lorenzoni, Darboux-Egorov system, bi-flat F-manifolds and Painleve VI, 
arXiv: 1207.5979 

[9] M. Mazzocco, Rational solutions of the Painleve VI equation. Kowalevski Work- 
shop on Mathematical Methods of Regular Dynamics (Leeds, 2000). J. Phys. 
A 34 (2001), no. 11, 22812294. 

[10] M. Noumi, Painleve equations through symmetry. Translations of Mathemat- 
ical Monographs, 223. American Mathematical Society, Providence, RI, 2004. 
x+156 pp. 

[11] M. Noumi and Y. Yamada, Symmetries in Painleve equations [translation of 
Siigaku 53 (2001), no. 1, 62-75; MR1816984]. Sugaku Expositions. Sugaku Ex- 
positions 17 (2004), no. 2, 203218. 

[12] M. Noumi and Y. Yamada, A new Lax pair for the sixth Painleve equation 
associated with so(8). Microlocal analysis and complex Fourier analysis, 238252, 
World Sci. Publ., River Edge, NJ, 2002. 

[13] K. Okamoto, Studies on the Painleve equations. I. Sixth Painleve equation PVI, 
Annali di Mathematica pura ed applicata 146, 337-381 (1987) 



14 



